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1 Introduction
Although a large set of W algebras and superalgebras is today available, a complete
classification of such new symmetries is not yet obtained (for recent reviews see [1] and [2]).
As far as the classical case is concerned, the known W algebras and superalgebras can be
constructed as symmetries – conserved currents – of Toda and super-Toda theories [1, 3].
Each such W algebra is generated by a finite number of primary fields Whk (k = 1, ..., N)
and is of polynomial type: this means that the Poisson brackets of two primary fields Whi
and Whj have the following structure
{Whi(z),Whj (w)} =
∑
α
Pα(Whk(w), ∂
nWhk(w))δ
(α)(z − w) (1.1)
the Pα being polynomials in the Whk and their derivatives. Note that also the occurence
ofW algebras in which the polynomials are replaced by rational functions in the Whk and
their derivatives, has been discussed in [4].
Besides the finitely generated W algebras, theW∞ ones have also been considered [5].
In this second class of W algebras, the most popular one – and the oldest one – is the
area-preserving diffeomorphism algebra on a two dimensional manifold, also denoted w∞.
Different deformations of w∞ have already been obtained [6] and various realizations of
such W∞-algebras recently considered (see for example [7] for a review). Such structures
show up rather naturally in conformal field theoretical approaches of the quantum Hall
effect [8], of the black hole problem [9, 10] and also in the matrix models approach [11].
One of the purposes of this letter is to show that a large class of rational W algebras
can be obtained from finitely generated polynomial W algebras. Let us, at this point,
make precise or recall, some general definitions and properties on finitely generated W
algebras. Indeed, there are two basic ingredients in the construction of a Toda theory [12]:
a simple Lie algebra – or superalgebra – G and an Sl(2) – or OSp(1|2) – subalgebra. When
Sl(2) is chosen as the principal subalgebra of G, then one gets the G-abelian Toda model.
The corresponding W algebra of conserved quantities is generated by primary fields of
conformal spin h = 2, ..., k, these numbers being actually the degrees of the fundamental
polynomial invariants of G. As an example, for G = Sl(3), one gets the algebra usually
denotedW3 orW(A2)
1 and generated by the fieldsW2,W3. By extension, we will call such
algebras abelianW algebras. When Sl(2) is not principal in G, the conserved quantities of
the corresponding non abelian Toda model will generate what we will call a non abelian
W algebra. In Sl(3), there is only one Sl(2) which is not principal in it, its Dynkin
index is 1. The generators of the corresponding non abelian W algebra W(A2, A1) are,
in addition to W2, two conformal spin-
3
2 fields W
±
3/2 and a spin-one field W1; this algebra
is also called the Bershadsky algebra [13].
One can remark 2 that most of the non abelian W algebras contain spin-one fields. It
1We denote byW(G,K) theW algebra based on a Toda model characterized by the Lie algebra G and
the Sl(2) embedding principal in the subalgebra K of G. In the case of the abelian Toda model where
K = G, the corresponding W algebra is simply denoted by W(G).
2A study of Sl(2) embeddings in semi-simple Lie algebras G leading toW algebras without Kac-Moody
component can be found in ref. [14].
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is reasonable to expect the spin-one part in a W algebra to play a particular role. One
can easily realize that these fields close linearly into a Kac-Moody algebra W1. Note that
the horizontal (or finite part) ofW1 is the commutant of the chosen Sl(2) in G. Moreover,
the W generators decompose into irreducible representations under the adjoint action of
this Kac-Moody algebra. It is also known that in a super W algebra the spin 1/2 part,
when it exists, can be factored out [15]. More precisely, a meromorphic conformal field
theory can be decomposed into the tensor product of a spin 1/2 part and a conformal
field theory without such spin 1/2 fields. Similarly, one could wonder what will result
from the factorization in W of its W1 subalgebra.
As is shown below, rational W structures appear when determining the commutant
ComWW1 of W1 in W algebras. Each such a rational W algebra provides an explicit
realization of a non-linear – but polynomial – W∞ algebra. This new structure appears
by assuming the primary fields, which are expressed as rational functions of the basic fields
in the original rational W algebra, to be independent algebra generators. Furthermore,
the explicit construction of the fields in the commutant naturally involves a derivative
which is covariant with respect to the Kac-Moody transformations generated by W1.
After presenting the general properties of the commutant ComWW1 when W1 is re-
stricted to be a U(1) Kac-Moody, we work out explicitely the simplest case, the one
associated to W(A2, A1) (the Bershadsky algebra). Then we illustrate the situation for
non-abelian W1’s with the specific examples taken from A3 non-abelian Toda models.
2 The U(1) case
2.1 General features
We will consider in this section the case of a W algebra containing a spin-one field.
Let J(z) be the spin-one primary field under the T0(z) Virasoro field inW. Their Poisson
brackets are
{T0(z), T0(w)} = −2T0(w)δ
′(z − w) + ∂T0(w)δ(z − w) + cδ
′′′(z − w)
{T0(z), J(w)} = −J(w)δ
′(z − w) + ∂J(w)δ(z − w)
{J(z), J(w)} = −γδ′(z − w) (2.1)
The other primary fields W qh(z) in W undergo the T0(z) action as follows
{T0(z),W
q
h(w)} = −hW
q
h (w)δ
′(z − w) + ∂W qh (w)δ(z − w) (2.2)
where h denotes the conformal dimension, while q specifies the U(1) charge carried by the
primary field:
{J(z),W qh(w)} = qW
q
h(w)δ(z − w), (2.3)
This last relation reflects the action of the Kac-Moody part on the rest of the W algebra
in accordance with refs. [3, 16].
A new stress-energy tensor can be defined by subtracting from T0(z) a Sugawara term
constructed with the J(z) field, through the relation
T (z) = T0(z)−
1
2γ
J(z)2, (2.4)
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The first and third relations in (2.1) remain valid when shifting T0(z) into T (z), while the
second relation now gives
{T (z), J(w)} = 0 (2.5)
Equation (2.2) then gives
{T (z),W qh(w)} = −hW
q
h (w)δ
′(z − w) +DW qh(w)δ(z − w) (2.6)
with
DW qh(w) = (∂ −
q
γ
J(w))W qh(w) (2.7)
The presence of a covariant derivative associated to the Kac-Moody part of a W algebra
has already been pointed out in ref. [16]. One can directly verify that for any positive
integer n
{J(z),DnW qh(w)} = qD
nW
q
h(w)δ(z − w) (2.8)
which insures that under the ”inner automorphisms” generated by J(z)
X(z)→ X(z) +
∫
dz′α(z′){J(z′), X(z)}
+
1
2
∫
dz′dz′′α(z′)α(z′′){J(z′′), {J(z′), X(z)}}+ ... (2.9)
the fields DnW qh(z) transform as
DnW qh(z)→ e
qα(z)DnW hq (z) with m = 0, 1, 2, ... (2.10)
as must be the case for D a covariant derivative. One should stress that the use of the
covariant derivative is particularly useful since it allows to write down in a compact form
the Poisson brackets as we will do in the following.
It is easily shown that the commutant ComW(J) of J(z) – that is in other words the
polynomial W subalgebra with elements having a zero Poisson bracket with J(z) – is
generated by ∂n0T (z) and by the monomials
(Dn1W q1h1 )(D
n2W
q2
h2
)...(DnkW qkhk ) (2.11)
where n0 and the ni’s are non negative integers, and the charges qi satisfy the condition
k∑
i=1
qi = 0 (2.12)
A remarkable feature of ComW (J) is that it contains an infinite tower of primary fields
of integral dimension. The primary fields can be specified by their order n, which counts
the number of covariant derivatives in their leading term (subleading terms, having a
lower number of covariant derivatives, should be added to get a primary field). A primary
field of zeroth order is just given by the product W 0h :
W 0h (z) =
k∏
j=1
W
qj
hj
(2.13)
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with
k∑
j=1
qj = 0 and
k∑
j=1
hj = h (2.14)
with W
qj
hj
primary in W with respect to T0(z) (cf. equation 2.2). Indeed, we can easily
check that
{T (z),W 0h (w)} = −hW
0
h (w)δ
′(z − w) + ∂W 0h (w)δ(z − w) (2.15)
The primary fields of order n obtained from W 0h have conformal dimension h+ n.
A primary field at first order is
W 0h+1(z) =
k∑
j=1
αjDj(
k∏
m=1
W
qm
hm ) (2.16)
where Dj denotes the covariant derivative applied to the jth term of the product, and the
coefficients αj are such that
k∑
j=1
αjhj = 0 (2.17)
At second order, the primary fields are of the form
W 0h+2(z) =
k∑
i≤j=1
αijDiDj(
k∏
m=1
W
qm
hm ) + fTW
0
h (2.18)
with the two sets of condition:
− fc+
k∑
j=1
αjjhj = 0 (2.19)
and
αii(2hi + 1) +
∑
j 6=i
αijhj = 0 for i = 1, .., k (2.20)
in addition to the null charge restriction eq. (2.14a). The coefficients αij , as well as the
αijl introduced below, are assumed symmetric in the exchange of two indices.
At third order, the primary fields are given by
W 0h+3(z) =
k∑
i≤j≤l
αijlDiDjDl(
k∏
m=1
W
qm
hm ) +
k∑
j=1
gjTDj(
k∏
m=1
W
qm
hm ) + f(∂T )W
0
h (2.21)
The vanishing of the coefficients of the δ′′ term in the Poisson brackets implies the relations
αiii(3hi + 3) +
∑
j 6=i
αiijhj = 0
αiij(2hi + 1) + αjji(2hj + 1) +
∑
k 6=i,j
αijkhk = 0 for i 6= j (2.22)
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and the vanishing of the coefficients of δ′′′, δ′′′′ leads respectively to
cgj − (3hj + 1)αjjj −
∑
i 6=j
hiαiij = 0
−fc+
k∑
i
αiiihi = 0 (2.23)
A similar set of equations can be constructed at any order and it can be immediately
checked that it always admits solutions. Moreover, at least for the invariants generated
by bilinear products of two fields with opposite charges, the solution is unique.
2.2 An example : the U(1) Commutant of the Bershadsky al-
gebra W(A2, A1)
Let us treat for illustration the case of the Bershadsky algebra. This algebra contains
one spin-two field (the stress-energy tensor T (z)), one spin-one field (the current J(z))
and a couple of spin-32 fields W±(z) of opposite charge under the U(1) current. The
commutation relations are:
{J(z), J(w)} = −
3
2
cδ′(z − w)
{T (z), T (w)} = −2T (w)δ′(z − w) + ∂T (w)δ(z − w) +
c
2
δ′′′(z − w)
{T (z), J(w)} = 0
{T (z),W±(w)} = −
3
2
W±(w)δ
′(z − w) + (DW±)(w)δ(z − w)
{J(z),W±(w)} = ±
3
2
W±(w)δ(z − w)
{W+(z),W−(w)} = (T − cD
2)(w)δ(z − w)
{W+(z),W+(w)} = {W−(z),W−(w)} = 0
(2.24)
Notice that the Poisson brackets can be compactly written using the covariant deriva-
tive introduced in the previous section:
DW± = (∂ ∓
1
c
J)W±
Clearly the commutant of the U(1) current contains the stress-energy tensor T , its
derivatives, and the bilinear products W (p,q) = (DpW+)(D
qW−), with p, q non-negative
integers. As explained in the previous paragraph, the fields W (p,q) and T are the building
blocks from which one constructs an infinite tower of primary fields W3+n (n ≥ 0) of
integral dimension 3 + n, one for each value of n; at the first orders we get, in a specific
normalization,
W3 = W+ ·W−
W4 = W+ · DW− −W− · DW+
5
W5 =
3
2
D2W+ ·W− − 4DW+ · DW− +
3
2
D2W− ·W+ +
9
c
T ·W3
W6 = (DW+) · (D
2W−)− (DW−) · (D
2W+)−
1
6
∂2W4 −
13
3c
T ·W4 (2.25)
Analogous formulae hold for n > 3.
The primary fields W3+n with n ≥ 2 are not independent: they can be expressed as
rational functions of T,W3,W4 and their derivatives, as the following reasoning shows.
At first one can notice that W (p,q) for q ≥ 1 are linear combinations of V (p
′) ≡ W (p
′,0)
and their derivatives; besides that, due to the properties of the covariant derivatives, the
following quadratic relations hold:
V (p+1) · V (0) = V (0) · ∂V (p) − V (p) · ∂V (0) + V (p) · V (1) (2.26)
They show that the fields V (p
′) (p′ ≥ 2) are obtained as rational functions of
V (0) = W3
V (1) =
1
2
(∂W3 −W4) (2.27)
The U(1)-Commutant algebra ComW (J) of the Bershadsky algebra has therefore the
structure of a finitely generated rationalW-algebra of type (2, 3, 4). It is explicitely given
by T,W3,W4 satisfying:
{T (z), T (w)} = −2T (w)δ′(z − w) + ∂T (w)δ(z − w) +
1
2
δ′′′(z − w)
{T (z),W3+n(w)} = −(3 + n)W3+n(w)δ
′(z − w) + ∂W3+n(w)δ(z − w)
{W3(z),W3(w)} = 2W4(w)δ
′(z − w)− ∂W4(w)δ(z − w)
{W3(z),W4(w)} = −2W3(w)δ
′′′(z − w)− 4∂W3(w)δ
′′(z − w)
+
2
7
[W5 − 16T ·W3 + 9∂
2W3](w)δ
′(z − w)
−
2
7
∂[W5 − 16T ·W3 + 2∂
2W3](w)δ(z − w)
{W4(z),W4(w)} = 6W4(w)δ
′′′(z − w)− 9∂W4(w)δ
′′(z − w)
+[−8W6 +
17
3
∂2W4 + 6W3 ·W3 −
116
3
T ·W4)](w)δ
′(z − w)
+∂[4W6 −
4
3
∂2W4 − 3W3 ·W3 +
58
3
T ·W4)](w)δ(z − w)
(2.28)
where n is a non-negative integer; the explicit expression of the primary fields W5,6 in
terms of T,W3,4 can be computed from (2.25,2.27). We get
W5 =
1
4W3
(7Ψ + 14W3∂W4 − 8W3∂
2W3 + 36TW3
2)
W6 =
−1
12W3
2 (3W4Ψ+ 3W3∂Ψ + 8W3
2∂2W4 − 6W3
2∂3W3 + 52TW3
2W4)
(2.29)
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Here Ψ is a 8-dimensional polynomial in W3,W4 and their derivatives:
Ψ = W4
2 − 2W3∂W4 − (∂W3)
2 + 2W3∂
2W3 (2.30)
The above formulae are given for the central charge c = 1. In the classical case the algebra
for any other value of the central charge can be obtained by simply rescaling the fields
and the Poisson brackets as well.
A few comments are in order: the algebra ComW (J) has a new structure with respect
to the standard W algebras: its closure is not on polynomials, but on rational functions
of the fields and their derivatives. Such algebra provides a specific realization of an un-
derlying non-linear, but of polynomial type, W∞ algebra, given by the Poisson brackets
of the primary fields W3+n (and of T ) among themselves, considered now as independent
algebra generators. Such a W∞ algebra is non-linear as it can be immediately seen from
the relations (2.28). Moreover it is a genuine W∞ algebra, i.e. it is not possible to find
out a finite subset of primary fields which, together with the stress-energy tensor, close
the algebra in a polynomial way. The latter statement can be immediately verified by
inspecting the Poisson brackets of the above introduced monomials W (p,q) among them-
selves. The situation here should be compared with that of standard finitely generated
W-algebras: in that case [17] to get rid of the non-linear character of the W algebras one
is lead to introduce a linear W∞ algebra, promoting non-linear terms to be new primary
fields. Here, to get rid of the non-polynomial character of the finitely generated ratio-
nal W algebra, we promote the rationally expressed primary fields to be new fields; the
resulting W∞ algebra is in that case non-linear.
Finally one should notice that the central charge is degenerated, namely it appears
only in the Poisson brackets of the stress-energy tensor with itself.
It is evident that, even if we have worked out explicitely the construction for the
simplest example, the same structure holds in more general cases.
3 The non abelian Kac-Moody case
Let us now discuss the non abelian case. For this purpose, we will treat two examples,
namely the algebra W(A3, A1 ⊕ A1) associated to the WZNW reduction Sl(2)2 ⊂ Sl(4)
(the Sl(2) subscript is the Dynkin index of the embedding) – admitting a Kac-Moody
subalgebra W1 = Sl(2) – and the algebra W(A3, A1) associated to the WZNW reduction
Sl(2)1 ⊂ Sl(4) – admitting a Kac-Moody subalgebra W1 = Sl(2)⊕U(1). Finally, we will
give some indications on the general structure for the non abelian case.
3.1 The example of W(A3, A1 ⊕ A1)
Consider the W algebra W(A3, A1 ⊕A1) generated by three spin-one fields J
i(z) and
four spin-two fields W i(z) and T (z) with i = 1, 2, 3. The Poisson brackets of this W
algebra are given by
{T (z), T (w)} = −2T (w)δ′(z − w) + ∂T (w)δ(z − w) + cδ′′′(z − w)
{T (z), J i(w)} = 0
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{J i(z), J j(w)} = c(Dij)wδ(z − w)
{J i(z),W j(w)} = −ǫij kW
k(w)δ(z − w)
{T (z),W i(w)} = −2W j(w)δ′(z − w) + (DW )j(w)δ(z − w)
{W i(z),W j(w)} = −
1
2
((D3w)
ji − 2T · Dw
ji − ∂T · ηji)wδ(z − w) (3.1)
where ǫijk is the completely antisymmetric tensor of rank 3 such that ǫ123 = 1. The
tensor ηij (≡ η
ij) is the diagonal matrix Diag(−1, 1, 1) and is used for lowering (raising)
the indices.
The covariant derivative is here
Dij = ηij∂ +
1
c
ǫijkJ
k (3.2)
The transformations of the fields J i andW i with respect to the infinitesimal parameter
λi(z) are given by
δW i = ǫijkλ
jW k
δJ i = c∂λi + ǫijkλ
jJk
The application of the covariant derivative on W i leads to a covariant transformation
property; in fact one gets (n being an integer):
{J i(z), (DnW )j(w)} = −ǫij k(D
nW )k(w)δ(z − w)
(3.3)
and, in terms of infinitesimal transformations generated by λi:
δ(DnW )i = ǫijkλ
j(DnW )k
Notice that since the Virasoro generator T commutes with the Kac-Moody fields J i,
the covariant derivative DT in equation (3.1) has to be understood as ∂T .
The equations in (3.1) are similar as those in (2.5) and (2.6): they look formally just
like the abelian case once the fields are accomodated into multiplets. In particular the
analysis of the conformal dimensions of the derivatives fields Dp ~W is completely analogous
to that done in sect. 2 for the abelian case. Moreover, (3.1b, d) show that the fields W i(z)
are primary fields with conformal dimension 2 with respect to the Virasoro generator
T0(z) = T (z) +
1
2
~J2(z).
Now, the covariant form of the W algebra with respect to its Kac-Moody subalgebra
allows us to determine easily the non-linear W∞ commutant of the Kac-Moody subal-
gebra Sl(2) in the algebra W(A3, A1 ⊕ A1). Indeed, one can immediately check that
bilinear invariants can be obtained from the scalar products t(Dp ~W ) · (Dq ~W )(w) (where
the upperscript t denotes transposition); indeed we have
{ ~J(z), t(Dp ~W ) · (Dq ~W )(w)} = 0 (3.4)
Therefore, the elements in the commutant are generated as before by ∂rT and by t(Dp ~W )·
(Dq ~W )(z), with p, q, r non-negative integers.
The primary fields in the commutant are given by the same formulas as in the abelian
case, with just the replacements W+ → ~W and W− →
t ~W . Notice that t ~W · ~W has the
same conformal dimension (h = 3) as the commutant in the Bershadsky algebra.
8
3.2 The example of W(A3, A1)
Now, we consider the example of theW algebraW(A3, A1) generated by four spin-one
fields J i(z) (i = 1, 2, 3) and J0(z), four spin-32 fields
t ~W±(z) = (W
u
±(z),W
d
±(z)) (indices u
and d stands for up and down) and one spin-two field T (z). The Poisson brackets of this
W algebra are given by
{T (z), T (w)} = −2T (w)δ′(z − w) + ∂T (w)δ(z − w) + cδ′′′(z − w)
{T (z), ~J(w)} = {T (z), J0(w)} = 0
{J i(z), J j(w)} = ǫikkJ
k(w)δ(z − w)−
1
2
δ′(z − w)
{J0(z), J0(w)} = −δ′(z − w)
{ ~J(z), J0(w)} = 0
{T (z), ~W±(w)} = −
3
2
~W±(w)δ
′(z − w) + (D ~W±)(w)δ(z − w)
{J i(z), ~W±(w)} = σ
i ~W±(w)δ(z − w)
{J0(z), ~W±(w)} = ± ~W±(w)δ(z − w)
{t ~W+(z) ⊗, ~W+(w)} = {
t ~W−(z) ⊗, ~W−(w)} = 0
{t ~W+(z) ⊗, ~W−(w)} = −
1
2
[D2 − T ](w)δ(z − w) (3.5)
where the σi are the Pauli matrices satisfying the algebra
[σi, σj ] = 2ǫijkσ
k
and D = ∂ − ~J · ~σ − qJ0 is the covariant derivative. The commutant is in this case
generated by ∂rT and by t(Dp ~W+) · (D
q ~W−)(z), with p, q, r non-negative integers. The
structure is again similar to the one given in the previous examples, and in particular
even in this case the first composite invariant operator t( ~W+) · ( ~W−)(z) has conformal
dimension equal to 3.
Conclusions
We have shown that, as soon as a classical W algebra admits a Kac-Moody part, the
set of fields commuting with the spin 1 part generates a rationalW subalgebra. This one
can also be seen as a realization of a non-linear, but polynomial, W∞-algebra.
The exhibited structures deserve more detailed studies. In particular the quantum
version has to be considered; in this case it is reasonable to expect the central charge
to play a crucial role. Another interesting question concerns the possible exploitation
of the covariant derivatives extensively used in this approach for the construction of 2-
dimensional integrable models.
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